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AbstractThis paper is devoted to a new approach for the study of nonlinear age dependent population 
dynamics. It consists to transform the hyperbolic PDE into a functional integral equation and to investigate 
it. We get global existence. uniqueness, and local stability results. Some applications to the traditional 
ecological models are made. 
INTRODUCTION 
Many authors have been interested in the mathematical theory for the age-dependent popu- 
lation growth. First presented by Lotka-Sharpe[ll] and Von Foerster[l9], this subject was 
studied by many people, see for instance Coale[2]. The results can be found in the books of 
Hoppensteadt [6], Bellmann-Cooke[l]. For the discrete version of the model we refer to the 
book of Keyfitz [8]. The “renewal equation” related to this model was studied by Feller [5]. This 
paper provides a general framework to study the nonlinear models arising with self-limitation 
phenomena, competition or predation in the dynamics of several species. Similar questions are 
suggested by the epidemic models too. 
Also in this case the idea is to obtain an integral equation of renewal type where the kernel 
will be a nonlinear matrix-valued functional of the solution. 
Let us consider, for instance, the nonlinear model of Gurtin-McCamy[9]. Denote by N(t, x) 
the age time density of population, P(t) the total population at time t, b(x, P(t)) and m(x, P(t)) 
the birth and the death rates at age x and time t. The equations are 
a,N+a,N+rn(x,P(t))N=O x E [O,w],tzO. 
N(0, t) = /* b(x, P(t))N(x, t) dx 
0 
P(t) = I w N(x, t)dx N(x, 0) = $(x). 0 
Solving this system, for t > x we get 
x 
N(x, t) = exp nz(y, P(t - x + y)) dy 
3 
N(0, t LX). 
Assume to know, in place of $, the past history of N(0, t) on the time interval [ - o, 0] that is 
for all t E [- o, 01, N(0, t) = Q,(t) and the past history of the total population, P(t) = &(f) for 
t E [ - w, 01. Then one has 
[y$;‘]=[$ if 1 E [-0.01. 
where P,(@=P(t+f_I)for trOand 6 E [-w,O]. 
361 
362 P. MARCATI 
The natural generalization of this equation is the following functional integral equation 
u(t) = wf(x, u,)u(t - x) dx 
(E) 
I 0 
uo= 4 
The aim of this paper is to study the equation (E) and to apply this one to nonlinear age 
dependent dynamics. 
Nonlinear problems in the age dependent growth have been studied in the above mentioned 
papers of Gurtin-McCamy[9, lo] in Rorres[16], Di Blasio[3,4] Webb[21], Marcati[l4], 
Hoppensteadt[7], Sinestrari[lQ Di Blasio-Iannelli-Sinestrari[4] and many others. 
1. BASIC THEORY ON (E) 
Assume that the following hypotheses are verified. 
Let us denote by C = {u E C([- o,Ol;RN); u 201 and for all u E C([ - w, ylRN), y > 0, 
u,(d) = u(t + 0) for t 2 0 and 8 E [ - o, 01. So u, E C([ - w, OIRN) for all t E [O, yl. 
(i) Assume that 
f: [O, w] x C + cY(RN) 
is continuous and there exist H, L > 0 such that for all 4, $ E C and for all x E [0, w] 
Ifk 4) - fk +)I 5 II4 - ‘NC 
PROPOSITION 1.1 (Local Existence Theorem) 
Assume 4 E C such that 4(O) = _f;f(x, +)$J( - x) dx. 
Let y > 0, R > 0, denote by 
dr, R, 4) = i u E C([ - w, ~1; RN): ua = 4, 
and for all R, /3 > 0 
y(R, /3) = kmin {(R + LR + Lb)-‘, R(p + LR + II)-‘(R + p)-‘} 
Then for all R >O there exists a unique solution u E A(y(R, II& R, $J) to the problem (E) 
Proof: We restrict ourselves to y < o. Define 
I I om f(x, ut)u(t - xl dx, t E [O, yl VW) = d(t) t E [-o,O]. 
We will prove that F maps d(‘y, R, 4) into k(y, R, $I) for a suitable y and it will be a 
contraction mapping in the norm of L’[O, 7, C] 
So F will have a unique fixed point in the closure of d(y, R, 4) in L*[O, y; c]. 
If S < y we have 
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A(4 R, 4) 3 NY, R 4)t,S 
Then if the fixed point u is in &y, R, 4) then it is in each ,cI(S, R, 4). 
The first step is to prove that if u C &y(R, I[c$,)[), R 4) then Fu is in I(y(R, /14(l), R, 4) too. 
Indeed 
[I O’ (s;pl(Fu)(t + 8)l)2d1]“2 
Rx, ~t+Mf + 0 -x) dx I + e:~~_,l 14U + @)b2 dt] 
l/2 
S d411c + (LR + SHFVR + 11411) = Sll411+ (LR + SHMR + )14(1). 
For all 6 E (0,2y(R, (1411h we get 
C f ’ (sup((Fu)(t + e)()’ dt]li2 S R 0 e 
then Fu E -&r(R, 11410, R, 4). 
The second step is to prove that F is a contraction mapping. Assume u, u E .&S, R, 4), 
then 
[I,’ (sup ((Fu)(t + 6) - (Fu)(t + fI)l)’ dt]li2 
f(x,ul+,)u(t+8-x)dx- o~f(x,u,+~)o(t+B-x)dx~‘df]“2 
I 
fk u,+B) - f(x, ut+e) u(t + 0 - x) dx 
I 
w 
+ 
f I r+e f( x, u,+,)-Rx, u,,,)~l4(t+ 0-x) 1 dx)jldt]“2 
If( .T vt+dI dx + bt+e - ut+e II,:, 140 + 0 - x)l dxJ2 df2 
5 lb - 412,~ [j-o’ ([ IuWl W2 dt]li2 
+ i/u - 42~ [ I,6 (I,’ (SUP If(x, u,+dl dxj2 dt]lf2 5 S(R + RL + SH + Kll4ll>llu - ull2.~. 
*The closure is taken in the topology of Lz[O, y. c]. 
See the proof in the appendix at the end of this paper. 
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Since 11~11~,~ 6 R implies that 
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sup If@, tt,+o)J dx)’ dt ]I’2 5 [I’ (I6 (LjJu,jj + H) dx)2 dt] 5 6(LR + 6H). 
0 0 
Then if 6 E (0,2y(R, 11411)) we obtain that F is a contraction mapping. So it has a unique fixed 
point in &(2 y(R, j/+/J), R, 4). Therefore this fixed is in A(y(R, ~~~~~>, R, 4). 
REMARK 1.2 
Assume there exists N > 0 such that 
Ifk d)l5 N 
for all x E [0, 01, 4 E C; then by Gronwall lemma we get the following a priori estimates on 
the solution 
lu(C d)l5 e’Nlld(lN, t 2 0 
Il4(4)ll~ W + 1)11411 erN, t 2 0 
Here u(t; 4) denotes the solution of (E) with initial datum 4. 
The next result is concerned with the global existence for the solution to (P). 
PROPOSITION 1.3
Assume the solution to (P) has an a priori bound (for instance as made in the above 
remark). If the hypotheses of proposition 1.1 are fulfilled, then the solution to (E) exists globally 
for all t E R,. 
Proof. It is sufficient o point out that y(R, p) is a strictly monotone decreasing function in 
/3. Now, denote by [0, (Y) the maximal interval of existence and uniqueness of the solution to 
(E). If (Y < +W there exists by hypothesis an upper estimate for the solution. That is 
Therefore the problem 
‘f(x, w )w(t-x)dx 
has a unique solution in A(y(R, M(JJ@), R, u,). Since 
r(R Ilusll) 2 ~4% Wl4llN. 
Let Q - y(R, MWIIN < s < (Y, then by uniqueness we obtain ul+, = w,. In this way the solution 
uI has a unique continuation in t = (I, defining u, = w,_,. 
PROPOSITION 1.4
Assume that 
Ax, 4) = fob) + f!k 4) 
such that 
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Moreover let us denote by f0 the Laplace transform of f0 and by 
OL = -max {Re A: det [l -f,(X)] = 0) 
and assume a > 0. 
Therefore for all E > 0 and for all 0 < /3 < (Y it follows there exists S(e) > 0 such that 
provided that 11411~ a(~). 
Proof. Denote by R(t) the resolvent matrix associated to the linearized equation, that is the 
solution to the following integral equation 
‘R(r-slf,(s)ds+f,(t). 
Then R E C(R+; 2(RN)) and 
IJR( t)ll 5 K e-“’ 
Denote by 
P(t, 4, u,) = I* foW#4 - x) dx + /,y. f,(x, u,M(t -xl dx 
‘A0 h 
+ o’ f,k u,Mt -x) dx I 
it follows 
I 
t 
u(t) = R( t - s)P( s, 4, u,) ds. 
0
Let us establish now, some estimates concerning P(q). There exist cl > 0 such that 
If /ly fowl - 1) dxls 4#4l e-“’ n 
since f. has compact support. 
There exist c2 > 0 such that 
II,‘, fdx, u,M(t - 4 dxls e%ll#4 lb4 A 
and c3 > 0 such that 
11’ f,(x, u,Mt - 4 da 15 colbtll I,’ IWl dx. 
Then we obtain A,, A?, A3 > 0 such that 
lu(t)l 5 A, e-“’ ll~ll+ AZ e-“‘lk#ll 11~111 + 4I4l~’ Mx)l dx. 
Choose E > 0 and let J, the largest interval containing t = 0 such that /luJ < E. Since t + uf is a 
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;;fyus C valued mapping, J f~ [O, w] is open in the relative topology of [0, w]. If il4/l< l]u,il 
llutll 5 (A, e-“’ + A2 e-“’ Iid)ll4ll+ A&d I,’ II4I ds 
therefore 
(1 - AZ e-af]14]])]]~t/l 2 AI e-V4l+ AkII I,’ ll~sll ds 
If IMI > lb4 let IMI < 1, then 
Assume /I+11 < min (1,1/2AJ and in both the situations it follows 
Let E < e. = (a - @)I& and by 
ll~~ll~~o~~“‘ll~ii+~lr~f!l~~ll~~. 
means of the Gronwall inequality, one has 
l]u,l] 5 BIBo~ e-a’+B%$(I 
If ]]~]] =i min(l, 1/2A2, l/BOB,) therefore 
llu,ll 5 E e+ 
for all t E [O, 01 n J,. 
But the above inequality implies that [0, 01 17 J, is closed in [0, w] then it is the entire [0, 01. 
The same argument can be extended by induction on the interval I,, = [no, (n + l)o] for all 
n E N so we prove the asymptotic stability of the null solution. 
Examples 
(a) Competition model. Let us consider n-species in competition, denote by N,(x, t) the age 
time density of the ith specie. Let hi(X) the age specific birth rate of the ith population, ei(x) the 
intrinsec age specific death rate, gi(X, p,(t), . . . , p,(t)) the death rate due to the competition with 
the other species and pi(t) the total ith population at time t. This model can be described by the 
following equations. 
JxNi + a,iVi + Ni(ei(X) + gi(X, pi(t), . . . t P,(t)) = 0 
OJ Ni(O, t) = I bi(X)i’Ji(X, t) dx, 0 
Pi(t) = f~ iVi(X, t) dx, 
0 
Nit07 0) = k(e), 0 E [ - 4 Ol 
Pi(e) = Vi(e)* 0 E [ - w3 Ol 
whereforanyO=l,...,n 
(i) bi E C[O, w], bi L 0 
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(ii) ej E C[O, w), ei 2 0, ei(y) dy = + cc 
(iii) gi E C([O, 01 x R”), g; 2 0, and there exists K > 0 such that for all p, q E R”, x E [0, 01 
l&!Ax, PI - gitx3 S)l s K IP - 41. 
If we solve this system along the characteristics t - a = const., we obtain 
Ni(x, t) = ri(x)G(x, Pt)Ni(Ot t - X) 
where 
for any x E [0, w] and n E C([ - w, O];R”). 
Now we set 4 = [$, ~1~ E C([ - w,O]:R’“), u(t) = [N,(O, t), . . . , N,(O, t),p,(t), . . . ,p.(t)]’ 
and 
fk 4) = 
b 
___. 
L 
0 
0 
That is j,(X, 4) = Sijbi(X)ri(X)Gi(x, q) i = 1, . . . , n, j = 1, . . . ,2n and fi+n,j(X, 4) = 
Si+,jri(x)Gi(x, n), i = 1, . . . , n, i = 1, . . . ,2n. 
It is not difkult to show that f verify the hypotheses of the existence results. Indeed for all 
no, q1 E C([ - U, 01; R”) one has 
IGj(X, 70) - Gj(x, ~1115 I Iox gJ Y, 90(- X + Y)) dy - .( I oxgj(Y~ VI( - X + Y)) dyl 
5 OX SUP ho(e) - v,(e)l. 
-oic?50 
In addition 
then 
lj(x, 4)I 5 const. 
(b) Prey-predator model. Denote by P(x, t) the age time density of the predators and by 
H(x, t) the age time density of the preys. Let p(t) and h(t) the total predator and prey 
populations at time t. The predator age specific death rate is m(x), the prey age specific death 
rate is a function of the age and of the total predator population that is denoted by g(x, p(t)). 
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The birth rate of the predators is 1(x, h(t)) and the birth rate of the preys is b(x). 
The model’s equations are 
aJJ + d,P + m(x)P = 0 
a,H + a,H + g(x, p(t))H = 0 
P(0, t) = I o 1(x, h(t))P(x, t) dx 0
H(0, t) = I o b(x)H(x, t) dx 0
p(t) = fou P(x, t) dx, h(t) = lw H(x, t) dx. 
0 
Assume to know also the past history of the new borns and of the total populations in the 
interval [ - o, 01, that is 
p(O, t> = m(f), HO, t> = m(f) 
for all t E [O,o]. 
Denote by 
w(t) = P(0, t), u(t) = H(0, t) 
we get 
P(x, t) = r(x)w(t -x), H(0, t) = l-(x, pJu(t - x). 
Where 
n(r)=ew[-/)Wy], r(x,B)=exp[-lo^gi(y,$(-x+y))dy] 
for all x E [O,w], Q E C[-o,O]. 
Denote by 4 = TV,, q2, rLI, rlil’ and u(t) = [WI, 0, WO, 0, p(t), WI’. Let 
f(a (6) = 
where L(x, (64) = 1(x, ~4~(0)). 
Assume that the following hypotheses are verified. 
(i) b E CIO, 01, b 2 0 
(ii) g E C([O, o) x R), g(x, p) 2 go(x) 2 (x) 2 0, where 
I 
w go(y) dy = + m 
0 
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(iii) There exist h(x) > 0 such that for all p, q E R, x E 10, 01 
Id& P) - & q)ls WP - 41 
where h E C[O, o), 
I 
o h(y) dy 5 + CC and 
0 
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h(x) = 0 (eJ@O(Y)dy) as x + 0. 
(iv) 1 E C([O, w] x R), 1 2 8, there exists M > 0 such that 
Ilk PI - w, 411~ MIP - 41 
and exists N > 0 such that 
IUX, PI 5 hr 
for all p, q E R, x E [0, WI. 
With these assumptions we can verify the hypotheses 
(E). 
Indeed one has 
of the global existence theorem for 
JT(x, I)) - r(x, $‘)I 5 e’$ g”‘p)dy 11:My, tit - x + YN - dy, 4’( - x + ~1)) dy( 
s (eJrfgoW'y/; 
MY) dy) _~~PJW - Jl’Wl~ WllJl - Jl’ll 
Since by (iii) exp [ -JoX go(y) dy] @h(y) dy is bounded. Then f verify the hypotheses of the 
global existence theorem. 
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PROPOSITION A-l 
APPENDIX 
Let 0 < 8 < y < o then it follows 
Proof. Let 1 E Al(y, R, q5) then there exists {u,} C A(y, R, $) such that 
I 0y /l(Url12 dt s R2 and [ II( - P,I12 dt+O as n -+m, 
Hence we have 
Moreover since J&u”), - ri,((2dt+0 one has a subsequence {nil and a point t* E (8, y) such that 
Ikun,)t* - u,.JJ, +O, as j+m. 
T$fo;e {rr.,} is a Cauchy sequence for the uniform convergence on [ - w, t*], then there exists u E C([ - o, t*];RN) 
u”, + u uniformly on [ - 0, t*] 
and ~0 = 4. In this way we get 
n,(e) = U(f t e) t E [O, t*1, e E [ - o,O]. 
Then the restrinction of u to [ - o, 61 is in I@, R, 4). 
